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A
great deal of interest has been gen-
erated for LiFePO4 as an inexpensive
and environmentally friendly elec-

trode material for future generations of
Li-ion batteries.1�4 Bulk systems, i.e., sys-
tems with a small surface to volume ratio
such that surface effects can be ignored, of
varying degrees of overall lithiation are
known to separate almost completely into
regions of LiFePO4 and FePO4. Such bulk
systems exhibit slow (dis)charge rates due
to poor electronic and ionic conductivities
in both LiFePO4 and FePO4, while the diffuse
interfacial region spanning intermediate
concentrations of LixFePO4 is considered
efficient in the intercalation reaction.5�8 It
was found experimentally that nanoparti-
cles at room temperature exhibit remark-
ably high (dis)charge rates and are there-
fore of interest for high power density
materials.9,10 A theory for the remarkable
increase in (dis)charge rate is that nanosiz-
ing suppresses phase-segregation that oc-
curs in bulk systems, and leads to a single
phase LixFePO4 solution in nanoparticles

over the range of concentrations which ex-
hibit the efficient reaction mechanism.2,3,11

Experiments on LixFePO4 consistently show
that there does appear to be a size depen-
dent miscibility gap which disappears at
small particle sizes, although the precise
mechanism for the stabilizationof the homo-
geneous solid solutionphase at intermediate
concentrations of LixFePO4 remains unclear
despite numerous experimental and theore-
tical investigations.5,9,12

The phase diagram of bulk-LixFePO4 shows
a large miscibility gap at room tempera-
ture bounded by narrow solid solution of
Li0.032FePO4 and Li0.962FePO4.

6,7 The disap-
pearance of the miscibility gap and shifting
in the solubility limits is observable both by
the disappearance of the cell voltage pla-
teau and by direct observation of structure
and composition.9,10,12,13 The voltage can
be measured in situ, but such measure-
ments are typically done on an ensemble
of particles of a particular size distribution
and therefore does not indicate if particles
of different sizes lithiate concurrently with a
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ABSTRACT We study the mesoscopic effects which modify

phase-segregation in LixFePO4 nanoparticles using a multiphysics

phase-field model implement on a high performance cluster. We

simulate 3D spherical particles of radii from 3 to 40 nm and examine

the equilibrium microstructure and voltage profiles as they depend

on size and overall lithiation. The model includes anisotropic,

concentration-dependent elastic moduli, misfit strain, and facet

dependent surface wetting within a Cahn�Hilliard formulation. We find that the miscibility gap vanishes for particles of radius∼5 nm, and the solubility

limits change with overall particle lithiation. Surface wetting stabilizes minority phases by aligning them with energetically beneficial facets. The

equilibrium voltage profile is modified by these effects in magnitude, and the length and slope of the voltage plateau during two-phase coexistence.
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. phase-field model . coherency strain . interface morphology . surface wetting . nanoparticles
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diminished miscibility gap, or sequentially based on a
size-dependent nucleation mechanism.3,14 Observa-
tion of the local crystal structure and composition by
X-ray, neutron diffraction, and TEM indicates a reduc-
tion in the miscibility gap as a function of particle size,
and a shift in the solubility limits depending on the
overall particle concentration.10,12,15,16 Complete dis-
appearance of the miscibility gap has been proposed
at particle diameter of 15 nm at room temperature.9

The reduction of themiscibility gapwith particle size
has many possible explanations. It could be accounted
for by confinement of the diffuse interface, which is
observed to be approximately 4 nm wide, by the
particle geometry.12,15,17,18 Coherency strain between
phasesmay also play a role as the orthorhombic (space
group Pnma) lattice expands by as much as 5% in
[100] and [010] but contracts by ∼1.9% in [001] upon
lithiation.19,20 The superior ability of nanoparticles to
accommodate strain through surface relaxation, and
the large volume of the interface relative to the particle
may thenstabilize intermediate concentrationselastically.9

Finally, surface energy and wetting can also play amore
direct role in the alteration of the phase diagram.21

Elasticity may also contribute to the microstructures
observed experimentally in both plate-like and spher-
ical particles. Chen et al. performed TEM analysis on
chemically delithiated, platelike particles of approxi-
mate dimensions 4� 2� 0.2 μm3with large, diamond-
like {010} faces with the long axis along [001].17 They
noted alternating stripes of LiFePO4 and FePO4 ap-
proximately 100 nm wide and oriented along (100)
with dislocation features aligned in similar planes.17

Ramana et al. later performed similar experiments with
more spherical, but still faceted, particles with large
{010} faces and long axes parallel to [001], of diameter
∼100 nm.15 They also observed the (100) interface, and
in addition interfaces parallel to [101] and [100], noting
that the latter two interfaces appear to be sharper than
the (100).15 The interface orientation may result from
anisotropy in the elastic constants andmisfit strains.14,22

Cogswell and Bazant predicted the elastic strain energy
of interfaces as a function of orientation, assuming the
same elastic modulus in each phase, and concluded
that the {101} planes were optimal for coherent inter-
faces and that {100} interfaces may arise from loss of
coherency.14,23

Complex surface behavior that depends on crystal-
lographic facets has been observed, including prefer-
ential (de)lithitation and a modified surface layer
described as a disordered but not amorphous layer
of approximately 3 nm thickness.16,18,24�28 Carbon
coating of the particles, which is frequently done to
improve conductivity, appears to reduce the amount
of disorder in this surface layer and mitigate the
reduction of the miscibility gap.28,29 Raman scattering
revealed that the surface of intermediate average
concentrations is biphasic, which is contradictory to

early core�shell models.8,15,26 Chen et al. observed
that, uponcooling fromahomogeneous solution, LiFePO4

formed at the large {010} surfaces, while Boesenberg and
Lucas observed accumulation of FePO4 on the other
surfaces perpendicular to (010).24,25,30 Wang et al. per-
formed first principle studies of the surface energies of
LiFePO4 and reported significantly different energies
between LiFePO4 and FePO4, depending on the facet
which, as Cogswell et al. described, can lead to a solid
state phenomenon akin to fluid surface wetting.31,32

Previous phase-field models have been applied to
simulate nanoscale LixFePO4 particles with various
simplifications to elasticity and surface wetting, and
are furthermore limited to 1D or 2D.11,14,32,33 Burch and
Bazant modeled the effect of confinement of the
diffuse interface by particle size using a 1D phase-field
model without coherency strain.18 Wagemaker et al.
later performed similar simulations and compared
them to experiments, which showed a size-dependent
miscibility gap accompanying solubility limits that
depend on average particle concentration.12 Zeng
and Bazant used a 1D spherically symmetric model to
study high rates but spherical symmetry is experimen-
tally known to not be correct in common applica-
tions.34 2D models in the (001) plane were developed
by Dargaville et al. but simplify the effects of aniso-
tropic coherency strain and neglect surface wetting.35

Other models reduce the geometry to 2D with a
“depth-averaged” approximation along [010] assum-
ing thin plate-like particles, fast diffusion along [010]
channels, and an intercalation reaction on the out-of-
plane (010) surface. These models predicted inter-
calation waves,33 and bypassing of decomposition
kinetically.11 Cogswell and Bazant incorporated coher-
ency strain into their model with constant elastic
constants between phases and showed the appear-
ance of alternating stripe patterns with {101} inter-
faces in agreement observed microstructures. How-
ever, in their work, the local displacement was fixed at
the boundaries. While they allowed for a macroscopic
homogeneous strains to relax the overall stress, this
procedure does not correspond to a free surface with
zero traction.14,24 Later, Cogswell and Bazant incorpo-
rated facet-dependent surface wetting into a 2D depth
averaged model and also proposed that coherency
strain would form an elastic energy-governed nuclea-
tionbarrier.32However, they simplified facet-dependent
wetting to a Dirichlet boundary condition, which is
justifiable in the thin interface approximation14 but
which may not be true in the general case where
volumetric forces may overwhelm those on the
surface.32

In the current work, we develop a comprehensive
phase-field model in 3D, solved numerically on a high
performance computer cluster. We simulate the equi-
librium interface morphology and orientation consid-
ering elasticity with concentration-dependent lattice

A
RTIC

LE



WELLAND ET AL. VOL. 9 ’ NO. 10 ’ 9757–9771 ’ 2015

www.acsnano.org

9759

constants and elastic moduli and free surfaces. Spino-
dal decomposition is included within a Cahn�Hilliard
phase-field model that incorporates surface wetting as
a natural boundary condition. This implementation of
surface wetting allows for the possibility that volu-
metric thermodynamic forces may overcome those on
the surface. We perform parameter sweeps for average
particle concentrations between Li0.05FePO4 and
Li0.95FePO4 and for particle radii of 3, 5, 10, 20, and
40 nm. The simulated equilibrium states of particles of
different size and average lithium concentration are
investigated systematically in order to separate the
equilibrium thermodynamics from questions of lithia-
tion kinetics and pathways. This work features sphe-
rical particles (as may result from ball milling), but due
to implementation in a Finite Element framework, it is
applicable to other geometries too. Simulation results
show the closure of the miscibility gap, shifting of
solubility limits, and modified interface morphology
as a consequence of the chemical, elastic, and surface
forces. Surface wetting is shown to stabilize minority
phases through aligning them with energetically ben-
eficial facets. This is an important conclusion, as mod-
ification of surface wetting through, i.e., coatings, may
present an opportunity for future electrode material
optimization.

MODEL DEVELOPMENT

We consider the system to be hosted in a matrix of
FePO4 of density F. The solid solution LixFePO4 is mod-
eled as a solution between occupied and vacant Li sites
with local concentration cLi = Fx and cvacancy = F[1 � x].
Thus, x is defined as in LixFePO4, the local fraction of
occupied Li sites. The Helmholtz energy functional of the
system is written integrating over the volume, V, and
surface, S:

F ¼
Z

V f þ 1
2
σ : Eel þK

2
jrxj2

� �
dV

þ
Z

S f s[1þ tr(Es)]þ 1
2
σs : Esel

� �
dS (1)

where f is the chemical free energy density, σ and Eel are
the stress and infinitesimal elastic strain tensors, respec-
tively, and κ is the isotropic coefficient of the gradient
energy term in the Cahn�Hilliard model. The corre-
sponding surface quantities are denoted by superscript
S, e.g., fS. Although we are considering a small strain
approximation, we scale the surface energy by the sur-
facedilation, 1þ tr(Es), where Es is the total surface strain,
in order to capture surface area minimization. We con-
sider the surface stress to be calculated in the unde-
formed domain and is therefore not scaled.
Thechemical surface freeenergydensity, fS is calculated

f s ¼ γFePO4
þ xΔγþ f s, 0 (2)

where γFePO4
is the facet dependent surface energy of

FePO4, and Δγ = γLiFePO4
� γFePO4

is the surface energy

difference between LiFePO4 and FePO4. It was found
numerically that a simple linear function caused numerical
problems since it does not have a minimum. Therefore,
an extra term fs,0 = 0.2/x[1 � x] was added to fS that
asymptotically approaches infinity as xf 0,1, the magni-
tude of which was fit to provide minima at approximately
x = 0.03, 0.97.
The local volumetric stress is σ = C: Eel, where C is the

rank-4 orthorhombic stiffness tensor. The stiffness
tensor is assumed to be a linear interpolation between
CFePO4 and CLiFePO4, the moduli for LiFePO4 and FePO4,
respectively:

C ¼ [1 � x]CFePO4 þ xCLiFePO4 (3)

The elastic strain is calculated from the total strain
minus the misfit strain ΔE, which is assumed to be a
linear interpolation between the lithiated and de-
lithiated lattice constants according to Vergard's law:

Eel ¼ E � xΔE (4)

The total strain is calculated from the displacement
field, Bu by

E ¼ 1
2
[ruBþ (ruB)T ]

The surface stress isσs=Cs: Eels whereCs is the surface
stiffness tensor and is assumed to be independent of
concentration. The surface strain Eels is calculated by
projecting the strain onto the surface tangent plane
using the operator P ¼ 1 � n̂Xn̂, where n̂ is the out-
ward unit normal vector to the surface,36 and 1 is the
rank-2 identity tensor.
Although the density varies by 5.7% between the

lithiated and delithiated phases, F is held constant to
the density of the delithiated phase, 23 273 mol m�3.20

This approximation is necessary since the simulated
geometry does not change volume with phase and
therefore varying density would imply a lack of mass
conservation. The chemical potential of Li is thus
related to the occupancy fraction by

μ ¼ δF

δcLi
¼ 1

F
δF

δx

Using eq 1, the variations in the bulk and on the
boundary are over a space of smooth functions so
both terms multiplying the bulk and boundary varia-
tion δc must vanish independently:37,38

μ ¼ 1
F

D f þ 1
2
σ : Eel

� �

Dx
� Kr2x

2
6664

3
7775 on V (5)

0 ¼ 1
F
[Δγ[1þ tr(Es)]þ n̂ 3 Krx] on S

where surface wetting is incorporated as a natural
boundary condition.14,34,39 The effect of Δγ is thus
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incorporated as a natural boundary condition for the
chemical potential. The flux of Li, JB, is

JB ¼ �F x[1 � x]
RT

D 3rμ (6)

where D is the anisotropic diffusion tensor. We will
model the time evolution of the system using standard
phase field equations obtained from Onsager none-
quilibrium thermodynamics. Finally, mass conserva-
tion is expressed as

F
dx
dt

¼ �r 3 JB (7)

To avoid fourth order spatial derivatives in solving
the Cahn�Hilliard problem, the fourth-order diffusion
problem above is split into a mixed formulation where
μ is solved as a second-order equation according to
eq 5 and x is solved as a second-order PDE according to
eq 7 with zero flux boundary conditions. As described
in the Methods section, a transformation on the x

variable is performed to ensure 0 >x > 1 so as to avoid
difficulties associated with the logarithms in eq 1 dur-
ing the numerical solving process.
Due to the fast rate of elastic relaxation in solids,

elastomechanics is solved quasistatically using a virtual
work formulation

0 ¼
Z

Vfσ : δEg dV þ
Z

Sff str(δEs)þ σs : δEsg dS (8)

where δE represents a virtual variation in the strain
field, which is projected onto the surface via the
projection operator defined above.

Surface Energy. First principle calculations of surface
energies for facets of LiFePO4 and FePO4 show strong
dependence on the state of lithiation in addition to facet
orientation.31 Surface energy therefore produces both a
constrictive force around the surface, as well as surface
wetting in the solid state as discussed by Cogswell
et al.32 Surface wetting leads to the (de)lithiation of
particular surfaces depending on their orientation, an
effect which has been noticed experimentally.24,25,30

Surface wetting is implemented in the current work
via eq 5.39 In this form, while the boundary condition is
generally sufficient to keep the facet (de)lithiated, the
volumetric thermodynamic forces, such as interface
continuity and elasticity, may dominate over the sur-
face wetting effect with the consequence that facets
that would be de(lithiated) as per surface energy
reduction, may not be.

To consider arbitrary surface orientation, we inter-
polate γFePO4

and Δγ from Wang et al.31 into spherical
coordinates. We define θ as the polar angle from the
[010] direction and φ as the azimuthal angle from the
[100] direction about [010]. To obtain reasonable poly-
nomial interpolations, an additional (001) surface with
properties identical to (201) was added. The resulting
interpolations for are shown in Figure 1. To minimize

the energy at the surface, Li will wet surfaces for
negative values Δγ and dewet positive values. The
color maps of these figures have been reversed so that
the colors here match the colormap of x used later.

RESULTS

Simulations are preformed for average particle con-
centrations, denoted by x, of 0.05, 0.1, 0.2, 0.3, 0.4, 0.5,
0.6, 0.7, 0.8, 0.9, 0.95 for a range of radii from 3 to 40 nm.
(The validity of a continuum treatment of particles on the
order of 3 nm is questionable, but is performed here as a
lower limit of the current study.) All figures are deformed
according to the calculateddisplacementfielduB, withno
scaling factor. In presenting 3D results, x < 0.5 is made
translucent in order to show the internal contours of the
microstructure. Simulation results are typically sym-
metric, often about the (010) surface that includes the
origin. Where symmetry was observed, one of the hemi-
spheres has been removed to aid in visualization.
Simulations calculate the spatial distributions of

variables x, μ, and uB at each time step, from which
only the final time step is relevant in the current
discussion. In equilibrium, the chemical potential μ is
constant everywhere and is converted into the corre-
sponding cell voltage by the equation:

V ¼ � μLi
e
þ V0 (9)

where e is the elementary positive charge and V0 is the
reference voltage.3,40 In bulk thermodynamics, the
case of a transition between two stable phases should
occur at a constant μLi, resulting in a constant voltage
over the range of two-phase coexistence.
Data reduction of the simulated Li concentration

field is important in order to concisely summarize the
results across a number of particles and reveal trends. In
bulk equilibrium systems, the spatially varying x field
consists of large regions of x = 0.03 and 0.97, correspond-
ing to FePO4 and LiFePO4 phases, respectively, separated
by an interface of relatively negligible width. These two
compositions are concisely recorded on the phase dia-
gram as phase boundaries. For the smaller particles in our
study, the x field is no longer cleanly divided to the
solubility limits due to relatively significant interfacewidth
and thermodynamic forces that are influenced by particle
size. Rather, the field assumes amore distributed range of
values over the volume of the particle. To reduce these
simulation results systematically and present them in a
useful manner on a nano- phase diagram, the following
procedure is followed.We calculate an approximateprob-
ability density function [PDF] by integrating a Gaussian
with variance σ = 0.01 over the volume:

PDF(x0) ¼ 1

σ
ffiffiffiffiffiffi
2π

p
Z
V

e�[1=2][(x � x0 )=0:01]2 dV (10)

and similarly for the surface. Local maxima in the PDFs,
within a window of x ( 0.1, are identified and if those
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maxima exceed σ
ffiffiffiffiffiffi
2π

p
3 PDF > 0:05, then that peak is

inserted into the phase diagram. The resulting phase
diagram therefore depends to some degree on the
chosen variance, window and threshold but the use-
fuleness for this systematic procedure is demonstrated
below.

Without Surface Wetting. To ensure that the simulated
particles could evolve to a fully segregated concentra-
tion profile without encountering a nucleation barrier,
a segregated profile was used as an initial condition.
From the initially segregated profile, particles were free
to evolve to homogeneity. For small particles that
remained segregated, the total free energy was com-
pared against auxiliary calculations of homogeneous
particles at the same average concentration, which
would not decompose spontaneously if they were
outside the spinodal, which allowed us to ascertain
with some confidence that we had obtained the
equilibrium state.

The size-dependent phase diagram for spherical
particles without wetting is shown in Figure 2 along
the PDFs for 5, 10, and 40 nm particles in Figure 3. In
Figure 2, particles of average concentration x, denoted
by symbols, segregate into volumes of average con-
centrations approximately xR and xβ. Segregation is not
always complete as indicated by the associated PDFs in
Figure 3. As the particle radius decreases, segregation
ceases to be energetically favorable, leading to the
vanishing of the size-dependent solubility gap. The
dashed gray line is intended to be a guide for the eye
and is not representative of any data fitting.

In examining the PDFs at 5 nm, we see that the
majority of particles are homogeneous with their dis-
tribution centered at their average concentration, in-
dicating these particles evolved to be homogeneous
from their segregated initial condition. Intermediate
concentrations, however, x = 0.4, 0.5, and 0.6 have
become smeared out over a range of local concentra-
tions indicating a tendency to separate. As the particle

size increases, the tendency to phase-separate in-
creases, but does not always result in peaks high
enough to appear on the phase-diagram as per the
above methodology. For 10 nm particles, for example,
although peaks appear approximately at the expected
solubility limits, too much material is still at intermedi-
ate concentrations indicating that the separation pro-
cess is incomplete. It is interesting to note that the
center of the peaks are also shifting with average
particle concentrations. At 40 nm, the relative amount
of material at intermediate concentrations has been
reduced and the peaks have enlarged and are roughly
centered around the same extrema: the solubility limits
specified by the free energy diagram. Interestingly,
x = 0.05, 0.1, 0.9, and 0.95 never separate: the initial
conditions of complete segregation into the bulk equi-
librium solubility limits always evolves to homogeneity.

The size-dependent cell voltage diagram is shown
in Figure 4 arranged to show sections of constant av-
erage concentration and constant size. In Figure 4a,

Figure 1. Interpolated surface energy of FePO4 and difference in surface energy as a function of surface normal expressed in
spherical coordinates using [010] as the pole. The colormap is reversed such that the colors of panels bmatchwith simulation
results below.

Figure 2. Simulated size-dependent phase diagram with-
out considering surface wetting. Data points are grouped
according to x and indicate peaks in the PDFs, correspond-
ing to significant volumes of the particle at the correspond-
ing local composition. The dashedgray line is a guide for the
eye to show the approximate shape of the phase diagram
and is not fit to data.
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lines connect data for the same x but for different particle
sizes. As the particle size increases, the curves converge
indicating two-phase coexistence. The unchanging
homogeneity for x = 0.05, 0.1, 0.9, and 0.95 appear as
vertical lines. In Figure 4b, lines connect data of particles
of a particular size, with different x. Figure 4b also in-
cludes the voltage diagram for the bulkmaterial in which
interfacial and surface energy may be neglected, so the
only contribution to the free energy in eq 1 is the
chemical free energy density f. To compare the effect
of sample size, both the bulk two-phase and homoge-
neous voltage diagrams are shown. In this figure, the
homogeneity of slightly (de)lithiated particles appear as
extrema in V for (dis)charging. Particles of radius 3 and
5nmare predicted to have a higher barrier height at con-
centrations 0.2 and 0.8. At 40 nm, the voltage varies be-
tween�4.96 and 4.85 mV from Li0.2FePO4 to Li0.8FePO4.

The simulation result of a 10 nm Li0.8FePO4 particle
is shown in Figure 5with contours denoting x = 0.3, 0.5,
0.7 and shows a convex surface. Averaging the normals
of the undeformed x = 0.5, contour gives [0.857, 0.002,
�0.515] which corresponds to a Miller surface of
approximately (30 0 37). The particle is also deformed
quite strongly parallel to [100] which is easier to see on
the projected (010) midplane on the bottom.

The simulation result of 40 nm Li0.5FePO4 is shown
in Figure 6, showing a slightly warped plane. The de-
formation of this particle is barely visible due to its
larger size, and the warping of the interface cannot
be attributed to deformation. The average normal
in the undeformed Cartesian coordinates is [0.855,
0.006, �0.519], which corresponds to a Miller surface
of approximately (10 0 11). A possible cause of the
warping is illustrated in Figure 7which shows the strain
energy density inside the particle and looking along
[010] direction, showing the increase in strain energy
density bordering the surface.

With Surface Wetting. Possible microstructures for
particles with surface wetting are not necessarily ob-
vious. However, since surface wetting will drive segre-
gation without a barrier to overcome, the nucleation of
separate phases will not be an issue, although trans-
formation between microstructures may not occur
spontaneously. The initial condition plays a dominant
role in determining towhichmicrostructure the system
will evolve; however, it is computational prohibitive to
perform the large range of simulations required to be
reasonably sure to have found the true lowest energy
structure. The procedure we followed was to start with
a randomly fluctuating x for 3 nm particles as the initial
condition and propagate the steady state solution to
increasing sizes. As the particles got larger, alternate
microstructures sometimes evolved. Simulation results
at 40 nm were then compared to another set of cal-
culations at 40 nm with a fluctuation field as the initial
condition. The lowest of the energies was then taken
and propagated back down in size until the original

Figure 3. Probability density functions corresponding to
particle radii 5, 10, and 40 nm. The 5 nm radius particle
shows incomplete separation for x = 0.4, 0.5, and 0.6 and
partial separation for the same concentrations for particle
radius 10 nm. Particles with x = 0.05, 0.1, 0.9, and 0.95 are
predicted not to separate for the investigated particle size
range.

Figure 4. Two perspectives of the size-dependent map of voltage without surface wetting. In (a), each curve corresponds to
a fixed concentration xwith particle radius plotted against V�V0; in (b), each curve corresponds to a fixed particle radiuswith
V � V0 plotted as a function of concentration x. The black solid and dashed curves in (b) show the bulk two-phase and
homogeneous voltage diagrams, respectively.
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microstructure was found again. Therefore, two simu-
lation results were sometimes available for some con-
centration/size pairs in which case the microstructure
with the lowest integrated free energy is discussed
here, unless otherwise noted.

The results the simulations including surface wet-
ting for radii 5, 10, 20, and 40 nm with x = 0.1 to 0.9 are
shown in Figure 8. In considering this figure, the effect
of the surface wetting force is clear, as the microstruc-
ture attempts to follow the facet-dependent difference

Figure 5. Simulation result for a 10 nmLi0.8FePO4 particle showing the x= 0.3, 0.5, and 0.7 contours. The 3D simulation results
show the interface to be a convex dish shape, roughly aligned with [101]. The projected image on the bottom is the (010)
surfacewhich includes the origin, and shows that the interface is roughly alignedwith [101]. Also visible is the deformation of
the particle elongated along [100].

Figure 6. Simulation result for an Li0.5FePO4 particle showing the x = 0.5 contour as being warped but approximately
(10 0 11). The mid-(010) plane is projected onto the bottom of the figure and the contour denoted in white for visualization.
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in surface energy shown in Figure 1b with varying
degrees of success. The relative width of the interface
and progression toward homogeneity can be seen
by the surface colors for 5 nm particles, in particular
Li0.5FePO4.

The size-dependent phase diagram of LixFePO4

including the effects of surface wetting are shown in
Figure 9 along with PDFs for 3, 5, 10, 20, and 40 nm
particles in Figure 10. The situation is obviously more
complex as indicated by the PDFs, which are much
more spread out between solubility limits for smaller
particles. As is expected from Figure 8, even small
particles still show a range of lithiation. At larger sizes,
separation becomes more complete as would be ex-
pected as bulk effects dominate those on the surface.
Of particular note in the PDFs is the absence of any
completely homogeneous particles as are found in
Figure 3, although all small particles show a degree
of the criteria of “homogeneity” in the sense of being
spread out. The phase diagram on the surface of the
sphere is qualitatively similar to Figure 9, as shown in

the Supporting Information in Figure S2 with its asso-
ciated PDFs in Figure S3.

The size-dependent voltage diagrams are shown in
Figure 11. As before, the bulk two-phase and homo-
geneous voltage diagrams are included. The barriers in
Figure 11b are absent for smaller particles and only
begin to appear for particles larger than 40 nm radius.
The constant concentration lines in Figure 11a show
some sudden jumps, notably for x = 0.05, 0.1, 0.9, and
0.95 and also between 3 and 5 nm radii, which may be
attributed to jumps between differentmicrostructures.
As before, the voltage at intermediate concentrations
is not constant but varies from �4.21 to 6.8 mV from
40 nm Li0.2FePO4 to Li0.8FePO4. Figure 11b shows that
the extrema on either side of V = V0 are asymmetric,
and seem to be shifting away from each other.

Particles with radius 40 nm perhaps show an inter-
face similar to that of Figure 6. The normals of the inter-
faces of Li0.3FePO4 and Li0.4FePO4 were calculated
as [0.789 �0.002 �0.615] and [0.796 �0.001 0.605],
respectively, which both correspond approximately to

Figure 7. Simulated strain energy density for a 40 nm Li0.5FePO4 particle showing the structure of the stress around the
interface pictured in Figure 6.

Figure 8. Summary of simulation results including surfacewetting showingmicrostructural evolution as a function of particle
radius and average concentration. Only results with the lowest free energy are shown. Surfacewetting causes (de)lithiation of
certain areas of the surface according to Figure 1b and competes with interfacial areaminimization and anisotropic elasticity
for dominance in determining the form and symmetry of the microstructure. Symmetries change for higher x and are absent
for the 40 nm Li0.8FePO4 particle.
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Miller surfaces (25 0 40). Of note is that the [010]
component is approximately zero, which supports
the validity of the symmetry in that direction.

The alternative microstructure of Li0.7FePO4 is
shown in Figure 12 and is interesting because of the
changing symmetry of the results. Ascending in size,
the steady state changes from mirror symmetry in all
three lattice direction at 10 nm, to symmetry in the
[001] and [100] at 20 nm, and then asymmetric in [001].
Of the simulation results, only the 40 nm Li0.8FePO4

shows no symmetry.

The magnitude of the components of the free
energy for the ground state of Li0.7FePO4 is shown in
Figure 13 by area filled curves, and the free energy of
the alternative microstructure shown in Figure 12 in-
dicated with a black dashed line. It should be under-
stood that these energies correspond to an equilibrium
state and the magnitude of the energy is therefore the
“unrelaxed” energy that remains in the particle in
global equilibrium. Therefore, the relative contribution
of the surface energy diminishes with increasing size
due to both the geometric shrinking of the surface
to volume ratio, and also the “success” of the surface
energy in (de)lithiating the surfaces without interfer-
ence from the interface, which is more predominant in
smaller particles. The contribution of the chemical free
energy also decreases with size asmorematerial is able
to occupy the minima in the free energy. The contribu-
tion of the surface stress is negligible in all cases.

DISCUSSION

The phase diagrams presented in Figures 2 and 9
agree with experimental results of the vanishing of
the miscibility gap below approximately 10 nm radius
particles and does not seem to be affected by sur-
face wetting. A caveat to this is the stability of slightly
(de)lithiated particles, x = 0.05, 0.1, 0.9, 0.95 without
surface wetting. These average concentrations appear
to be stable in their uniform homogeneity to particle
sizes larger than those simulated unless surface wet-
ting is considered. The lack of decomposition for
slightly (de)lithiated particles is readily explained as
the energy cost of interface creation is greater than the
benefit of decomposition for small particle sizes. This is
a well-known size dependent effect, but because of the
computational expense of increased particle sizes, de-
composition was never observed in the current work.
As the miscibility gap decreases, the limits in either

phase appear to depend on x, an effect which is
stronger with surface wetting. This shift was observed
experimentally on faceted particles by Wagemaker
et al., although the extent of their reported shift was
more pronounced even compared to the surface wet-
ting case modeled here, possibly due in part to the
faceted particle geometries.12 This shift has been
simulated with phase-field models with and without
coherency strain.12,14,18 In the current work, this effect
could be seen to result from the interface attempting
to minimize its area by reducing the volume of the
minority phase which can be accomplished by raising
the solubility limits.
The effect of particle size and surface wetting on the

voltage diagramsmay be seen in Figures 4b and 11b. In
Figure 4b, the progression from the homogeneous
profile to that of two-phase coexistence is readily
explained as the interfacial energy which suppresses
phase separation decreases in relative effect as parti-
cles get larger. Considering Figure 11b, the case is

Figure 9. Size-dependent phase diagram including surface
wetting. Data are grouped accord to x and showpeaks in the
PDFs. Particles below approximately 5 nm radius have a
large volume fraction at the overall x, but the peak shifts due
to spreading out by surface wetting and interfacial effects.

Figure 10. Probability density functions for simulations with
surface wetting corresponding to particle radii 3, 5, 10, 20,
and 40 nm. Particles generally show the full range of x, and
while they tend to peak at the corresponding x, the peaks are
broad. No completely homogeneous particles are predicted.
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complicated as small, otherwise homogeneous parti-
cles are perturbed by surface wetting. As the particle
size increases, the relative effect of surface wetting
diminishes and the bulk behavior is approached.
The simulated voltage plateaus in Figures 4b and

11b are not flat at V = V0 but slowly cross it at an angle
in agreement with experiments.28,41,42 This slope per-
sists regardless of surface wetting, and decreases with
increasing particle size. The change in the solubility
limits described above, which implies changing mini-
ma in the global free energy curve, may also affect the
equilibrium voltage that corresponds to the lowest
common tangent of that curve. Alternately, this could
be the result of a volumetric stress effect that scales
linearly with average concentration. The fact that we
predict this slope for a single particle is not in contra-
diction of Ferguson et al.,42 who explain the experi-
mental results as a consequence of a size distribution

of particles. Rather, the experimentally observed slope
would be the consequence of both single particle
effects and size distribution.
The interface orientation without surface wetting is

approximately {101} with the 3D, concentration de-
pendent constants as shown in Figure 6, and agrees
with the experimental observations of Ramana et al.,
and the constant moduli approximate analysis of
Cogswell and Bazant.14,15 The interface also appears
slightly warped, which is an unexpected result. The
particle is 40 nm in radius, which is above the range of
influence of surface effects as indicated by Figure 10.
Therefore, it is likely that elastic effects are the cause of
this warping, possibly in a complicated fashion due to
the combination of anisotropic interfacemismatch and
concentration dependent elastic moduli.
For x 6¼ 0.5, the morphology is also affected by inter-

face area minimization which favors inward facing

Figure 11. Two perspectives of the size-dependent map of voltage including surface wetting. In (a), each curve corresponds
to a fixed concentration x with particle radius plotted against V� V0; in (b), each curve corresponds to a fixed particle radius
with V � V0 plotted as a function of concentration x. The nonsmooth behavior in (a) can be attributed to changes in
microstructure, although these are not so apparent in (b). The black solid and dashed curves in (b) show the bulk two-phase
and homogeneous voltage diagrams, respectively.

Figure 12. Metastable microstructures for Li0.7FePO4 particles for (a) 10 nm with symmetry in all three directions, (b) 20 nm
with 2-fold symmetry, and (c) rotational symmetry for π rad around [010].
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concave interfaces. The {100} surfaces were never
observed, possibly due to our simulating spherical
particles whereas that interface orientation is more
commonly observed on plate-like particles, although
Ramana et al. also found them on their particles.15,17

Alternately, using a semicoherent interface model may
produce {100} surfaces, aspredictedbyCogswell et al.14

When surface wetting is considered, the simulation
results in Figure 8 show minority phases aligning
themselves with a localized area of beneficial surface
energy, overcoming the barrier to their formation in
small particles. The overall interface morphology and
orientation is governedmore by connecting regions of
strong surface wetting than elastic and structural
effects. At small particle sizes, surface wetting is rela-
tively stronger and the microstructure is determined
by the balance between the surface forces, which
attempt to reach Figure 1b, and confinement of the
interface. To the extent of the authors' knowledge,
such microstructures have not been observed experi-
mentally for sphere-like particles.
Abrupt changes in microstructure show up as jumps

in the voltage visible in Figure 11a, but not so obviously
in Figure 11b. Realistic particles are unlikely to be
ideally spherical which would reduce the number of
stable microstructures due to less symmetries in the
overall particle. Therefore, jumps in the potential
would probably not be observed in experiments be-
cause of the reduced number of possible microstruc-
tures, as well as blurring of any such discrepancies when
measurements are taken of collections of particles.
As the particle size increases, surface wetting be-

comes relatively weaker and it becomes unfavorable
to have multiple interfaces. However, wetting can still
determine the orientation of the interface despite the
elastic optimum relevant to the nonwetting case. The
results here are limited by computational expense;
however, it is logical to assume that at large enough
particle sizes, elastic effects will dominate over surface

wetting entirely and thewetting and nonwetting cases
would coincide. The preferred microstructure may also
be influenced by the geometry of real particles, which
will probably not be the ideal sphere approximated
here. Geometry-dependent structural effects may then
stabilize, for example, the alternative microstructure
shown in Figure 12 as its energy is already fairly close to
that of the predicted structure as shown in Figure 13.
The voltammograms as functions of average con-

centration are clearly affected by particle size and
surface wetting as shown in Figures 4b and 11b. The
extrema in the voltammograms shift outward with
increasing size and reduce in magnitude. This is ex-
plainable by the reducing relative influence of the
interfacial energy with increasing particle size. With
surface wetting, the relative ease of forming small
phase regions is reflected in Figure 11b where the
extrema around, i.e., x = 0.8, occurs at a lower magni-
tude of V� V0 compared to Figure 4b. This is due to the
location of the minority FePO4 phase around the [010]
facet as seen in Figure 8. Similarly, the surface wetting
of Li on the other sides as per Table S2 reduces the
magnitude of the voltammogram extrema for low
lithiation.
The reduction of the magnitude of the extrema in

the voltammograms with increasing particle size is in
contrast with the conclusions of Cogswell and Bazant
who show the nucleation barrier increaseswith particle
size.32 This difference may be attributed to the particle
size and geometry examined in the current work. As
particles increase in size, elasticity dominates interfa-
cial and surface effects, leading to the nucleation
mechanism considered by Cogswell and Bazant. While
the current work tends to a similar direction, larger
particle sizes are prohibitively computationally expen-
sive and outside the emphasis of the current work on
phase microstructure. In addition, consideration of
spherical particles here as compared to the plate-like
particles inherently assumed in the depth-averaged
approach may also affect this prediction by changing
the influence of the (010) surface.
Stabilization of the minority phase also interferes

with the complete phase segregation, and therefore,
themodifications to the voltammograms are not trivial.
This smearing of the concentration is highlighted in the
PDFs in Figure 10. We also note that the length of
the voltage plateau differs, and the range of voltages
encountered increases. Julien et al. report modification
of voltammograms in galvanostatic charge/discharge
experiments on 20 nm radius particles before and after
carbon coating.28 Such a coating is known to affect the
structure of the surface layer and so may significantly
alter the surface energies of the phases and therefore
the surface wetting effect.
All simulated microstructures, with the exception of

large, slightly delithiated particles, show one plane of
symmetry, likely due to the crystal symmetry expressed

Figure 13. Plot of integrated volume and surface chemical
free energy, fchem and elastic energy, fel, for Li0.7FePO4, di-
vided by the particle volume. Filled areas are the energy
components for the lowest energy state as shown in Figure 8,
while the black dashed line labeled f* shows the total free
energy of themetastablemicrostructures shown in Figure 12.
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through the elastic moduli and facet dependent sur-
face wetting. The metastable 40 nm Li0.7FePO4 particle
in Figure 12 shows an antisymmetric configuration,
and the 40 nm Li0.8FePO4 shown in and Figure 8 is
completely asymmetric. In both cases, the interface
minimization effect has reduced the number of sepa-
rate phases and the remaining Li-poor phase has
relocated close toward the (010) facet due to the
surface wetting minimum, and appears to spread out
into the favorable troughs as per Figure 1b.
Some general conclusions regarding the appropri-

ateness of certain approximations may be drawn from
this work. The surface strain energy in eq 2 can be seen
to be negligibly small in comparison to the surface
chemical free energy by Figure 13. Similarly, the con-
tribution of coherency stress to the interfacial energy is
small but not completely negligible. It will slightly
increase the energy of material in the diffuse interface
and, in the Cahn�Hilliard model, broaden it beyond
the intended width that was used to select κ. However,
an extended, completely coherent interface is also not
realistic, as defects will form in order to reduce the
strain, a factor which is not considered in the current
model. While surface wetting constitutes a significant
influence on the surface concentration, Figure 8 shows
that the concentration at the boundaries cannot be
fixed according to themost energetically favorable phase.
While symmetries do appear with and without sur-

facewetting for spherical particles, 3Dmodeling appears
necessary since the orientation of these symmetries
change with x and size. In addition, some average
particle concentrations, such as 40 nm Li0.8FePO4,
show no symmetry whatsoever. The same is likely
true of other 3D geometries such as thin, platelike
particles, although no direct conclusions on these can
be reached based on the current work. The phase
diagrams present a condensed view of phase separa-
tion but, in light of the PDFs discussed here, some-
what oversimplifies the results for small particles since
it does not provide information about the smearing of
concentrations.

Finally, concentration and facet dependent surface
energy is clearly a strong influence on the behavior of
these simulated nanoparticles, and refinement of these
data would help elucidate the complex observed
behavior. Notably, inclusion of the electrolyte in first
principle calculations would be beneficial, as would a
more realistic model of facet dependence than that
included in this model.

CONCLUSION

In this work, we have developed a 3D model for
decomposition of nanoscale LixFePO4 including con-
centration dependent elastic moduli, misfit strain,
anisotropic surface energy, and spinodal decomposi-
tion. The disappearance of the miscibility gap and
shifting of the solubility lines with average concentra-
tion is predicted in agreement with experimental ob-
servations although not to the same extent.12 These
effects are a consequence of the relative size of the
interface and its morphology as determined by its
excess chemical and structural energy. In considering
3D linear elasticitywith concentration dependent lattice
and elastic constants, a surface approximately equiva-
lent to {101} appears to be the optimal orientation, as
observed in HRTEM.15 A slope in the voltage plateau
during two phase coexistence is predicted in single
particles and diminishes with increasing particle size.
Facet dependent surface wetting produces complex

phase microstructures within the nanoparticles, which
have not yet been observed experimentally. Spatially
varying areas of surface wetting can stabilize small
phase volumes by lowering their total energy. Voltam-
mograms are modified accordingly, which may help
explain the modification of voltammograms by carbon
surface coatings.28 Surface wetting may be affected by
particle coatings, electrolyte, or other particle shapes
which would expose other facets. This effect may then
constitute an opportunity to engineer better battery
performance by enhancing phase segregation tomod-
ify voltammograms or suppressing it to improve me-
chanical stability.

METHODS
Model Parameters. In this work, brackets and parentheses

denote distributive multiplication and function arguments,
respectively, vectors are denoted by an arrow over the symbol
and bold symbols denote tensor quantities. A colon denotes a
tensor contraction, σ : Eel � ∑ij σijɛel,ij, and the projection of the
strain onto the surface, written as P ¼ 1 � n̂Xn̂, is equivalent
to the tensor operation Eel,ijs = ∑kl PikEel,kl : PljT.

The local Helmholtz energy density follows a regular solu-
tion model,

f ¼ 2RT[x ln(x)þ [1 � x] ln(1 � x)]þΩx[1 � x] (11)

where R is the ideal gas constant and T = 298.15 K is the
temperature which is considered constant at room tempera-
ture. Zhou et al. showed that the electronic entropy that

accompanies Li occupation is also important, and therefore,
the mixing entropy should be doubled.43,44 The equilibrium
bulk solubility limits of 0.03 and 0.97 are fixed by choosing
Ω = 183meV such that the local chemical free energy density is
minimized by a mechanical mixture of phases at these compo-
sitions in accordance with the lowest common tangent.6,7,11,32

The value of κ is determined by the interface width, 4 nm
as previously discussed, and is taken in this work as F�1

κ =
0.684 eV 3 nm

2.11 The energy barrier Ω is approximately 50%
larger than that used by Cogswell et al.14 and Tang et al.,45 who
included coherency strain in their fitting of these parameters.

The surface energy at an arbitrary orientation is obtained by
expressing the data of Wang et al.31 in spherical coordinates,
which is summarized in the Supporting Information. We assume
separability of the θ and φ components such that γFePO4

=
ΘFePO4

(θ)ΦFePO4
(φ) þ 240, and note that lattice symmetry
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implies:

DΦFePO4

Dφ
φ ¼ 0,

π

2

n o� �
¼ 0 (12a)

DΘFePO4

Dθ
θ ¼ 0,

π

2

n o� �
¼ 0 (12b)

The polynomial fit is obtained with

ΦFePO4 ¼ �1175φ5 þ 3785φ4� 3119φ3 þ 52φ2 þ 680 (13a)

ΘFePO4 ¼ 239
θ

π

� �4
� 255

θ

π

� �3
þ 72

θ

π

� �2
(13b)

Similarly, the interpolated function Δγ is

Δγ ¼ ΘΔγ(θ)ΦΔγ(φ)þ 400 (14)

with

ΦΔγ ¼ �3030φ5 þ 10591φ4� 9792φ3 þ 2724φ2 � 660 (15a)

ΘΔγ ¼ 124
θ

π

� �4
� 140

θ

π

� �3
þ 43

θ

π

� �2
(15b)

In the simulations, facet normals of exterior facets are scaled
using the FePO4 lattice constants fromMaxisch et al.20 summar-
ized in Table S1 to get the correspondingMiller vector, and then
interpolated using eq 14.

From the mass flux expression in eq 6, since 0 <x < 1 and
D 6¼ 0, the chemical potential gradient must be equal to zero,
corresponding to global thermodynamic equilibrium. The effect of
D is as a kinetic parameterwhichwill favor certaindirections, butwill
not affect the finally state which is determined thermodynamically.
To simplify the current work, we therefore take D = 1 nm2 s�1.

We have not found any first-principle calculations of the
surface elastic constants of FePO4. However, typical surface elastic
constants are of the order of 1 eV nm�2.36,46�48 As a working
simple model we have therefore assumed an isotropic surface
elastic stiffness of 1 eV nm�2, such thatCs= 14 eV 3nm

2where 14 is
the rank-4 identity tensor. Note that this implies that C1122

s = 0 but
this is not unphysical since C1111

s and C1122
s are independent, and

there is no physical constraint on the surface elastic tensor as there
is for the bulk elastic tensor. The precise value of the elastic
modulus is not particularly important in our case because other
surface energy terms and the bulk elastic free energy dominate
over surface elastic free energy even for particles of size ∼10 nm.

Assuring the Validity of the Computed x. During the course of the
numerical computations, it was found that x was sometimes
numerically calculated outside the range [0,1], which is an
unphysical situation and numerically problematic because of
the free energy definition, notably the logarithmic entropic terms
in eq 11. To avoid this situation, a coordinate transformationon x,
inspired by the equilibrium solution of the Allen�Cahn equation,
is possible to define a new variable a such that

x ¼ 1
2
[1þ tanh(a)] (16)

fromwhich we note in particular ∂x/∂a = (1/2)sech2(a), x[1� x =
(1/4)sech2(a), , and ln(x) � ln(1 � x) = 2 a. With this transforma-
tion, eqs 5 become

μ ¼ 1
F

4a � 2 tanh(a) � K
2
r 3 sech

2(a)raþ
D
1
2
σ : Eel

Dx

2
664

3
775 on V (17)

0 ¼ 1
F

Δγ[1þ tr(Es)]þ n̂ 3
K
2
sech2(a)ra

� �
on S

Finally, substituting into eq 6, the mass flux is rewritten as

JB ¼ �F sech2(a)
1
RT

D 3rμ (18)

This transformation adds numerical complexity due to the
need to compute hyperbolic secant but also eliminates the

computation of the logarithms which arise from the derivative
of eq 11. Since the transformation is inside the conserved flux
definition, mass conservation is automatically enforced. Im-
portantly, the assurance of the mole fraction's valid range
allows the simulation of particles with average concentrations
that approach the equilibrium concentrations to converge
reliably.

Implementation. The coupled elasticity and diffusionmodel is
described by the three coupled equations, eq 7 subject to eqs 8,
17, and 18 with the independent variables a, μ, and uB, respec-
tively. Equations 17 and 18 are first written in the weak form
using standard techniques, whereas the virtual energy formula-
tion in eq 8 is already in a weak form. Numerical solutions are
obtained using the Finite Element package FEniCS configured
to use the PETSc library for scalable solution methods of partial
differential equations.49�56 Simulations are preformed on a
high performance Linux computer cluster.

The system of nonlinear equations is solved using Newton's
method with a GMRES Krylov iterative solver. The elastic and
Cahn�Hilliard physics modes are strongly coupled through
coherency strain at the interface. Therefore, the fully coupled
system is solved directly as opposed to an operator-split
method, which results in strong convergence at larger time
steps at the cost of a moderate increase in computational
expense. A physics based preconditioner using block Gauss-
Seidel is used to split the elasticity from the Cahn�Hilliard,
which was found experimentally to result in faster computa-
tions for larger system sizes. Both physics modes are solved
using the Additive Schwarz method [ASM] preconditioner with
overlap one, with either an LU or ILU(10) subsolver depending
on the size of the subproblem. Computations are run on a
number of cores ranging from 16 to 256 selected to keep the
number of DOFs in the ASM subsolver roughly to 10 000, which
we find balances time spent computing on each node with
communicating between nodes.

To prevent arbitrary rigid body displacements and rotations,
either the displacement may be “pinned” at certain vertices or
the six 3D rigid body modes may be removed during the
numerical solution process. We found experimentally that
removing the rigid bodymodes at the solver level yielded order
of magnitude reduction in Krylov iterations.

Each particle size requires a different mesh which was
constructed via GMSH, with element sizes of 0.5 nm for particle
radii 3, 5, and 10 nm, and 1 nm for particle radii 2, and 40 nm.57

The increase in elementwidthwith particle size is possible by an
increase in the size of simulated features, but is limited to
adequate resolution of the interface, in this case at least four
elements over the width of the interface.

Determining the equilibrium state requires finding the
equilibrium, potentially complex interfacemorphology. A direct
steady state calculation does not converge robustly, so a
pseudotime approach is employed in which the time depen-
dent equations above are run until steady state is reached.
Steady state is defined as when the rate of change of the mole
fraction is less than 10�6 s�1 everywhere in the simulation. The
method was made efficient by using an adaptive time stepping
method. The average Li fraction is calculated at each time step
and varies by less than 10�10, thus ensuring mass conservation.
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